In this paper, the works on the stability problem for singularly perturbed systems are extended to include the factors of uncertainties and time delays, which often cause the instability of the systems. The properties of ∞ H -norm are used throughout this paper to derive the robust stability criterion. A frequency-domain sufficient condition for the asymptotic stability of the slow subsystem (reduced-order model) and the fast subsystem of the nominal system is first presented.
Introduction
It is well known that the time-delay phenomena always exists in various engineering systems, such as chemical processes, long transmission lines, pneumatic systems, hydraulic systems, and electric networks. Its existence frequently causes the instability of the system. Moreover, any engineering system inevitably contains some uncertainties, which may arise from modeling errors, linearization approximations etc (1) . Therefore, the robust stability problem of uncertain time-delay systems has been a main concern of the researchers over the years (2) - (4) and the references therein.
On the other hand, any physical system contains more or less multiple time-scale phenomena.
The singular perturbation theory has been proved to be successful in dealing with the multiple time-scale problems (5) - (14) and the references therein. It provides us with a powerful tool for the order reduction and separation of time scales of a system. If a system is modeled as a singularly perturbed system, then we can use the time-scale properties to separate the time scales and reduce the order of the systems. Furthermore, the dynamics of the full-order system can be inferred from those of the reduced-order systems (i.e., the slow subsystem and fast subsystem) when the singular perturbation parameter sufficiently small. Consequently, it is important to find an upper bound of the singular perturbation parameter such that stability of the original system can be investigated by establishing that of its corresponding slow and fast subsystems, provided that the singular perturbation parameter is within this bound (15) .
Shao and Rowland (16) proposed some stability criteria for a linear time-invariant singularly perturbed system with single time delay in the slow state in which the time delay in the fast state and the uncertain perturbation have not yet been considered. Liu and Sreeram (17) proposed a criterion to find an upper bound * ε of the singular perturbation parameter ε such that a singularly perturbed system is asymptotically stable for any ( ) * ∈ ε ε , 0 , but the time delay and uncertainty were both absent in such a system. Pan et al. (18) proposed a frequency-domain stabiltiy criterion for linear time-invariant singularly perturbed systems with multiple time delays, but the uncertainty still was not investigated. However, the factors of uncertainties and time delays exist in most of the dynamic systems. Consequently, it is very crucial to take them into consideration. This is due not only to theoretical interests but also to the relevance of these phenomena in control engineering applications. To the authors' knowledge, the robust stability of uncertain singularly perturbed systems with multiple time delays subject to unstructured perturbations has not yet been well explored. Consequently, it is the purpose of this paper to investigate the robust stability problem of uncertain multiple time-delay singularly perturbed systems.
: set of all nonnegative real numbers 
Problem Formulation
Consider the following singularly perturbed system with multiple non-commensurate time delays:
( ) ( ) A is assumed to be Hurwitz, 0 0 = h , and i h , n i ∈ , are non-negative numbers, and τ is the maximum of i h , n i ∈ . The small positive scalar ε in (1b) is a singular perturbation parameter, which often occurs naturally due to the presence of small parameters in various physical systems. For instance, it may represent the machine reactance or transient in voltage regulators in a power system model, the time constant of the driver and the actuator in an industrial control system, and it may be due to fast neutrons in a nuclear reactor model (19) .
Remark 1
It is noted that the system (1) is more general than the system considered in Shao and Rowland (16) , where there are no delay terms in the fast state.
According to the time-scale property of the singularly perturbed system (5) , the slow subsystem and the fast subsystem of the original system (1) can be derived as follows.
By setting 0 = ε , the slow subsystem of (1) is obtained as 
where
It is obvious that
If we let
, then (1b) can be rewritten as 
Hence the dynamics of the fast subsystem (5) 
, where k is a constant and
Lemma 2 (20) Let P and QRS P + be non-singular matrices, then ( ) ( )
Lemma 3 Assume
( ) 
Then we have the following results.
(a)
(b) The fast subsystem (5) is asymptotically stable for all
(d) The slow subsystem (2) is asymptotically stable if
(10b) 
Proof of
Since A 40 is Hurwitz, ( ) 
Hence we have
. This proves the asymptotic stability of the fast subsystem (5).
(c) The result follows immediately from part (b) by setting
Moreover, we have 1 4 in view of (9) . Consequently, we have 1 4 . This shows that the slow subsystem (2) is asymptotically stable.
Stability Criteria
In this section, we will consider the robust stability problem of singularly perturbed systems with multiple non-commensurate time delays. Consider the following uncertain singularly perturbed system with multiple time delays:
.
By setting 0 = ε , the uncertain slow subsystem of (13) is obtained as
Taking the Laplace transform of (14), we have
Remark 2 From (15a), it is obvious that if 1 4 , then the uncertain slow subsystem (14) is asymptotically stable.
Remark 3
It is the purpose of this paper to estimate an upper bound * ε , called a stability bound, if the system (1) is asymptotically stable for any ( ) * ∈ ε ε , 0 .
Taking the Laplace transform of (13) and by (15b), we have
Remark 4 According to (16) and (17), if
ε , then the uncertain singularly perturbed system (13) is asymptotically stable.
Lemma 4
Assume that (7) is satisfied and the following inequality holds:
Then we have the following results. 
Taking ∞ H -norm of both sides of (11) and using (12), we have
By the fact (16) that 
From (7), we obtain ( ) 
According to (8) and (24), we have ( ) This completes our proof. (7), (10) , and (18) hold. Then the uncertain slow subsystem (14) is asymptotically stable if the following conditions are satisfied:
Lemma 5 Let
(c) 
Proof of Lemma 5 Assume
Substituting (15b) 
( ) ( )
where 
Consequently, (15c) can be rewritten as
From (30c), we have 
According to (32) and (33), we have 
Moreover, according to (18) and ( This implies that
By the fact (16) that
Substituting (18), (25)- (27), (35), and (36) into (34), we have
Based on (28), (37) can be rewritten as
On the other hand, (31) can be rewritten as
Moreover, according to (38), we have
Due to (40) and Lemma 1, we have . Consequently, the uncertain slow subsystem (14) is asymptotically stable in view of (15a).
Theorem 1
Suppose that the slow subsystem (2) of the nominal singularly perturbed system (1) is asymptotically stable and (7) holds. If the perturbation matrices satisfy (18) and (25) 
Proof of Theorem 1 By Lemma 2, we have
And from (15c), (17b) can be rewritten as
From (31) and (43c), we have
According to (21) and Lemma 1, we have
Taking ∞ H -norm of both sides of (44) and using (20) , (26), (27), (35), (41b), and (45), we have 1 4 ε . Hence, we conclude that the uncertain singularly perturbed system (13) is asymptotically stable in view of (16) and (17a).
Corollary 1 Suppose the slow subsystem (2) of the nominal singularly perturbed system (1) is asymptotically stable and (7) holds. Then a stability bound of the nominal system (1) is given 
Numerical Example
Consider the following uncertain time-delay singularly perturbed system described as , then the system (47) is asymptotically stable.
Conclusions
It has been seen that the factors of uncertainties and multiple time delays are included in the singularly perturbed systems in this paper. Consequently, the investigated systems are much more general than those considered in the previous works. An explicit upper bound for the singular perturbation parameter ε has been derived to guarantee the robust stability of a class of uncertain linear singularly perturbed systems with multiple time delays. This frequency-domain upper bound has been derived by using the properties of the ∞ H -norm. A numerical example has also been given to illustrate the use of our main results.
